We describe a one-parameter family of models of stable spherical stellar systems in which the phase-space distribution function depends only on energy. The models have similar density proles in their outer parts ( / r 04 ) and central power-law density cusps, / r 30 , 0 < 3. The family contains the Jae (1983) and Hernquist (1990) models as special cases. We evaluate the surface brightness prole, the line-of-sight velocity dispersion prole, and the distribution function, and discuss analogs of King's core-tting formula for determining mass-to-light ratio. We also generalize the models to a two-parameter family, in which the galaxy contains a central black hole; the second parameter is the mass of the black hole. Our models can be used to estimate the detectability of central black holes and the velocity-dispersion proles of galaxies that contain central cusps, with or without a central black hole.
Introduction
Despite the increasing sophistication of numerical models of stellar systems, analytic or semi-analytic models still have many uses: they oer insight into the behavior of more realistic and complicated models, they provide tests of and initial conditions for N-body experiments, they are free of noise and spurious numerical relaxation, and in some cases they t observed stellar systems remarkably well.
An additional motivation for the models described below is recent high-resolution ground-based and Hubble Space Telescope photometry of elliptical galaxies and bulges. These observations typically fail to resolve the central regions into constant density cores, even at a resolution of 0 00 :1. Specic examples include M32 and M87 (Lauer et al. 1992a,b) . HST observations of a sample of more than 30 elliptical and S0 galaxies by our group (Lauer et al. 1993) establish that, at a resolution of < 0 00 :1, the surface brightness prole I(R) is usually best approximated by R 0 , with 0 < < 1. Most previous dynamical studies of galaxies have focused on models having a constant density core, that is, an analytic surface brightness that can be expanded as a Taylor series in the form I(R) / 10AR 2 +: : :. Thus the HST observations demand new dynamical models to predict the kinematic properties of the central regions and to assess whether massive central black holes are implied by the observations. A natural rst step is to seek appropriate analytic models.
Among the simplest stellar systems are isotropic spherical systems, in which the gravitational potential 8 and the density are spherically symmetric and the phase-space distribution function depends only on the energy per unit mass, f = f(E) where E = 1 2 v 2 +8 (e.g. Binney and Tremaine 1987, hereafter BT) . We shall focus on the case in which the mass-to-light ratio 7 is independent of radius, so that the emissivity is (r)=7.
Two of the most successful analytic models for elliptical galaxies and the bulges of disk galaxies are the Jae (1983) 
Both models are normalized so that the total mass M = 4 R (r)r 2 dr is unity. The Jae and Hernquist models have similar proles in their outer parts ( / r 04 ); both also have central density cusps, but they dier in the strength of the cusp ( / r 02 and r 01 respectively).
In this paper we describe a one-parameter family of isotropic spherical stellar systems, which we call -models, that preserves most of the analytic simplicity of the Jae and Hernquist models, and which includes them as special cases. The parameter describes the strength of the central cusp, which diverges as / r 03 for 0 < 3. We describe these models in x2. In x3 we generalize the models to a two-parameter family containing a non-luminous central mass (\black hole" for short); the second parameter is the mass of the black hole. Sections 4 and 5 contain discussion.
The work described in this paper has been anticipated to varying extents by several authors. Hernquist (1990, eq. 43 ) briey describes a three-parameter family that includes the -models, but does not discuss the properties of any systems except the Jae and Hernquist models. Saha (1993) writes down the potential and density distributions of the -models, but focuses on their use as basis functions for solving Poisson's equation rather than as models of stellar systems. As this paper neared completion, we received a preprint from Dehnen (1993) that independently derives many of the properties of -models discussed in x2, but does not discuss models with a central black hole.
Models
We choose units in which the total mass M of the stars and the gravitational constant G are both unity.
We dene a family of spherical stellar systems called \{models" by the density distribution ; we show below that models with > 3 (density approaching zero at the origin) are unphysical. All models have / r 04 as r ! 1. Jae's model (eq. 1) corresponds to = 1 and Hernquist's model (eq. 2) corresponds to = 2. The density diverges near the origin for all models with < 3; only models with = 3 have constant-density cores. 
Velocity dispersion
We assume that the phase-space distribution function (df) depends only on energy, which implies that the velocity-dispersion tensor is isotropic. Thus the radial velocity dispersion 
This result is not valid for the four cases = 
These formulae can be dicult to evaluate at large r because of near-cancellations between the terms. An alternate expression is the asymptotic series Notice the interesting range of behavior: the mean-square radial velocity diverges as r 01 when is near zero, then diverges less and less rapidly as increases towards 1. Once > 1, the mean-square velocity converges to zero, converging more and more rapidly until = 2, when it converges as r. Above = 2 the mean-square velocity converges to zero less and less rapidly, until at = 3 it is asymptotically constant. Thus the central velocity dispersion is constant and non-zero for two distinct models: 
The inner parts of the model with = 1 resemble the singular isothermal sphere, while the inner parts of the model with = 3 resemble the central core of the non-singular isothermal sphere or other models with constant-density cores such as King models (King 1966; BT) . The qualitative reasons for the behavior of the central dispersion are worth describing. For < 2 the dispersion at a given radius is comparable to the circular speed v c at that radius, given by v 2 c = M(r)=r ! r 01 , which is the natural result expected from dimensional analysis of the hydrostatic equilibrium equation (replace d=dr by 01=r in eq. 6). The behavior of models with > 2 is more subtle, because the mean-square velocity and density are dominated by dierent parts of the energy distribution: the density is dominated by low-energy stars with mean-square velocity comparable to the square of the circular speed, v 2 r / r 01 , while the velocity dispersion is dominated by high-energy stars with velocities of order unity. Thus the pressure v 2 r is constant and order unity as r ! 0; since / r 03 the mean-square velocity v 2 r / r 30 . The radial velocity dispersion v 2 r 1=2 is plotted in Figure 1 for several values of .
Kinetic and potential energy
The total kinetic and potential energies are (15) where the df f 0 is the mass per unit volume of phase space, 0E, and 08
(the quantities and are dened so that we work with non-negative variables: (r) is positive for all -models at all radii, and is positive for all bound stars).
Equation (15) 
It is easy to see from equations (17) and (18) ), but they are even more complicated. Figure 2 shows the df f() for several -models. The df increases with for allmodels, a result which can be veried analytically and which implies that -models are stable (BT).
Surface brightness
Since we assume that the mass-to-light ratio 7 is constant, the surface brightness at projected radius R is
Using equation (3) 
The expressions for = 1; 2 are due to Jae (1983) and Hernquist (1990) . The surface brightness can also be written analytically for half-integer , using elliptic integrals; however, the expressions are suciently complicated that they are not very useful. The surface brightness proles satisfy a recurrence relation:
The asymptotic behavior of the surface brightness is 
All models with 2 < < 3 have a core with constant surface brightness even though the volume density diverges as r 03 : the divergence is weak enough that the emissivity integrated along the line of sight is dominated by radii of order unity rather than by the central cusp.
For any value of the surface brightness may be determined numerically. The numerical evaluation of the integral in equation (23) 
Line-of-sight dispersion
The velocity dispersion along the line of sight at projected radius R is denoted p (R) and is given by 
The integral for Y (R) can be evaluated analytically for integer or half-integer (Hernquist 1990 gives the analytic expression for = 2). However, the integrals are cumbersome. A simpler approach is to use the recursion relation
3.
Surface brightness of -models as a function of radius R, normalized so that the total luminosity is unity. 
From these expressions the behavior of 2 p (R) can be deduced using equations (28) ), and for > 2 it is asymptotically constant at the center 3 . The line-of-sight dispersion p (R) is plotted in Figure 4 for several values of . The subroutine used for these calculations is available from the authors.
Aperture dispersion
The aperture dispersion a (R) is the root-mean-square velocity measured through a circular aperture of radius R centered on the galaxy. Clearly 
The aperture dispersion is only dened for models with > 1 2
; otherwise the dispersion measured through any central aperture is innite. A convenient form for numerical evaluation can be derived from equation (22) Line-of-sight dispersion p as a function of radius R for the same models shown in earlier gures.
Models with a central black hole
We now consider -models that contain a non-luminous central object (\black hole") of mass . The density (r) (eq. 3) and surface brightness I(R) (eq. 23) are unchanged, and the total mass in stars is still unity. The sole eect of the black hole is to modify the potential 8(r) (eq. 5) to 8 3 (r) 8(r) 0 r
5.
Aperture dispersion a (the dispersion measured through an aperture of radius R centered on the galaxy) for models with = 0:6 (dash-dot line), 1, 2, 3 (solid lines), (we denote properties of models with a black hole by the superscript 3). We restrict ourselves to models with 
Velocity dispersion
If the velocity-dispersion tensor is isotropic, the radial velocity dispersion is given by (40) where v 2 r (r) is given by equations (7) and (8) 
Distribution function
The df can be determined analytically when the energy is large (i.e. close to the black hole). We begin by evaluating the integral in equation (16) . At small radii (r) ! r 01=2 .
Thus, if the df is isotropic, stars of a given energy always produce a density cusp around a black hole that rises as r 01=2 at radii r =jE 0 j; -models with > 5 2
are not allowed because their density cusps are shallower than this limiting value. Figure 6 shows the df for -models with several values of the black hole mass . The stability properties of isotropic spherical stellar systems containing a central black hole are not presently known.
Line-of-sight dispersion
The mean-square velocity along the line of sight may be written 
Comparing to equation (31) we nd the convenient identity
so that the program used to compute Y can be used to compute Z , and analytic expressions for Z 1 and Z 2 can be found from equations (32) (52) Figure 7 shows the line-of-sight dispersion prole for several -models with black holes of varying masses.
6.
Phase-space distribution function f 3 as a function of energy for models with = 1, 
Other \simple" models?
In a strict mathematical sense the -models are not particularly simple, since all of the quantities we have investigated|radial velocity dispersion, surface brightness, line-of-sight dispersion, aperture dispersion, and df|can be derived by quadratures starting with (say) an arbitrary density prole (r). In a practical sense the models are not the simplest possible ones either: except for special values of the quadratures for the surface brightness, line-of-sight dispersion, aperture dispersion and df are most easily done numerically. Nevertheless the -models share several \user-friendly" features: the density (r), mass M (r), and potential 8 (r) all have simple analytic forms; the mean-square radial velocity v 2 r (r) is analytic; and the density can be expressed as a simple function of the potential (which is useful in Eddington's formula [16] ). We have failed to nd generalizations of or alternatives to the -models of comparable simplicity and realism.
It may be useful to describe a chain of argument that leads naturally to the -models. In choosing a simple functional form for a galaxy model, the natural place to start is with the potential 8(r), since this can be dierentiated to yield the mass and density: 
Thus it is natural to look for a simple function 8(u) such that 8 ! 0u as u ! 0 (which normalizes the total mass to unity); another useful property is that 8(u) should be invertible, Note from equation (54) that the asymptotic behavior / r 04 as r ! 1 ( / u 4 as u ! 0) that is common to all the -models is a feature of any functional form that can be expanded in a Taylor series, 8(u) = 0u + P 1 j=2 a j u j with a 2 6 = 0. If the rst non-zero coecient is a k , the density at large radii falls as r 0(2+k) .
Discussion
The models that we have described have many limitations: they are spherical, whereas most elliptical galaxies and spiral bulges are probably triaxial; the df is isotropic in velocity space, an assumption that has no strong justication; and their common surface brightness prole at large radii (I / R 03 ) does not adequately represent the diverse behavior of the outer envelopes of real galaxies. Despite these shortcomings, the -models provide useful illustrations of the kinematic and photometric behavior that can be present in the central parts of galaxies. They also oer simple \strawman" models for comparison with observations of galaxies that exhibit photometric power-law cusps in their centers.
5.1 Classication of central structure As an illustration, let us imagine that a galaxy is observed to have a surface brightness prole I(R) which is / R 0 at small radii, falling more steeply at radii larger than some characteristic radius that we shall call the \break radius". We also assume that the galaxy is spherical and its df is isotropic in velocity space. We distinguish \true" radii, which are measured in three dimensions from the center of the galaxy, from \projected" radii, which are the components of the true radius vector that are normal to the line of sight. Our results imply that three types of central structure are possible, not just for -models but for any galaxy with these general features:
(I) at core structure ( = 0, corresponding to 3 > 2): A density cusp as steep as / r 01 may be present in this type, but there is no cusp in the surface brightness, which is dominated by stars whose true radii are of order the break radius. When observed with limited resolution, some galaxies in this class may appear to have small but non-zero values of (cf. Fig. 3 
Measuring mass-to-light ratios
The traditional method of determining the mass-to-light ratio of spherical stellar systems with at cores is known as core tting or King's method (King 1966, Richstone and Tremaine 1986 ). The determination is based on the formula for the mass-to-light ratio
where G is the gravitational constant (set to unity in earlier sections), R hb is the halfbrightness radius dened by I(R hb ) = 1 2 I(0), and k is nearly unity for a wide variety of stellar systems (and hence is set to unity in the usual applications of the method).
Core tting clearly is not an adequate approach to measuring the mass-to-light ratios of most -models, or of any galaxy with similar central structure. To illustrate the diculties, we evaluate the constant k in equation (55) as a function of the parameter . For =3, k = 1:048; k rises to 1:091 at = 2:64, then sinks to 0.900 by = 2:32. Thus for 2:32 < 3 the core tting formula (55) with k = 1 is accurate to better than 10%.
However, for values of outside this limited range the accuracy of the core tting formula plummets: at = 2:2 we have k = 0:50, at = 2:1 we have k = 0:05, and for 2 the formula fails completely since the central surface brightness diverges.
Other methods must replace core tting for models with < 2:3: 
The local method is appropriate when the radius R is large compared to the spatial resolution of the observations. 
where g(; R) is a dimensionless constant that is plotted in Figure 8 
The aperture method is appropriate when the radius R is close to the limiting spatial resolution.
The formation process
Our discussion so far has focused exclusively on the range of possible equilibrium models, without addressing issues of galaxy formation. Dierent formation processes may favor particular values of . Several examples of such constraints are known for the case where a central black hole is present. If the black hole grows slowly, arguments based on adiabatic invariance imply = 1 2 (Peebles 1972 , Young 1980 , although in this case the velocitydispersion tensor is somewhat anisotropic. If a steady-state distribution of stars around the black hole has been established by two-body relaxation, we expect = 3 4 for stars of equal mass (Bahcall and Wolf 1976, BT) . If the formation process leaves no stars bound to the black hole, we expect = 0, = 5 2 (Peebles 1972, BT).
Programs to compute the surface brightness, distribution function, line-of-sight and aperture dispersion of -models are available by electronic mail from the authors. ST 8.
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